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Abstract. This paper first considers the effects of L-S interaction and the crystal field on both 
the 4Fground state and the 5d excited state of P?+ ions in the paramagnetic material PrF,, and 
further takes account of the splitting of the crystal-field ground levels caused by the effective 
superexchange field H, and the applied field He, and then, using the model of double tramition 
with the splitting of the ground stale, cabdates quantitatively the magnetic susceptibility x, 
specific Faraday rotation SF. Verdet constant V. and their temperature dependence in PrF,. The 
theoretical calculations show that the magneto-optical effect and its temperature dependence in 
PrF3 are closely related to the superexchange interaction between P?+ ions. V" and x- '  are 
linearly dependent of T in the temperature range of I10 K S T 6 300K and independent of T 
in the low-temperature regime. The theory is in agreement with the experimental results. 

1. Introduction 

The rare-earth elements in magneto-optical (MO) materials play an important role in the MO 
effect. A great deal of work, in both experiment and theory, has been done. In 1934. the Van 
Vleck experiment showed that in paramagnetic rare-earth compounds, the Verdet constant 
V exhibits the same temperature dependence as the magnetic susceptibility x [I]. This was 
proved by the MO theory in paramagnetic materials [Z, 31. However, in 1984, Leycuras and 
co-workers found that in many rare-earth compounds, the temperature dependence of V is 
quite complicated. For NdF3 and PrF3, V / x  depends linearly on temperature T ,  and in 
CeF3 it depends linearly on 1/T [4]. These phenomena cannot be explained by the previous 

In our opinion, the shortcoming of the previous theory is that many interactions in 
paramagnetic materials, in particular the (super)exchange interaction between electron spins, 
have not been taken into account [5-7]. The (super)exchange interaction can be taken to 
be equivalent to an effective field H,. This field causes the splitting of the ground state 
together with the applied field He. The electron transitions from all the splitting levels of 
the ground state ought to have contributions to the MO effect. From this point of view, the 
complicated temperature dependence of the MO rotation 8 and the Verdet constant V have 
been calculated [SI. It has been shown that Leycuras' work is dependable. In this paper, 
a quantitative calculation on some main MO properties in the paramagnetic material PrF3 
has been made. We first consider the effect of the crystal field and the L-S interaction on 
both the 4f ground state and the 5d excited state of the P s t  ion in PrF3, and further take 
account of the splitting of the ground state i n  the crystal field caused by both H ,  and He, and 
then, using the model of double transition with the splitting of the ground state, calculate 

MO theory. 
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quantitatively the specific Faraday rotation 6%. Verdet constant V, magnetic susceptibility x 
and their temperature dependence in PrF3. The calculations are compared with experiment 
in detail [4]. The important contribution of the superexchange interaction to the MO effect 
is pointed out. 

2. The  effect of the  L-S interaction on the energy level of the Pr‘+ ion 

In the paramagnetic crystal PrF3, the Hamiltonian of the PSt ion i s  

A = Ao+ A L S  + At 

FILS = t ( r ) L .  s 

(1) 

where I& + fiLS is the Hamiltonian of the free Pr3+ ion, 

is the spjn-orbital (L-S) interaction and f iC is the crystal field. In  rare-earth compounds, 
& > H,. so the L-S interaction must be taken into account first. According to perturbation 
theory, the energy splitting and its wavefunction under the L-S interaction can be calculated 
from the following secular equation: 

IIWW, M I ,  S, M~) I&~Iw,  M L ,  S, MS)) - S Y ~ M ; S M + ; ( E  - EnOIl = 0. (2) 

There are two electrons in the 4f level of the P?’ ion; the lowest ground state obtained 
by f?&(L, M L ,  S. Ms) is ’KZ whose wavefunctions can be expressed as IM,) (Mj = 
4 , 3 , 2 , .  . . , -3, -4). In the same way, the lowest excited state with one 4f and one 
5d electron is also 3H.1 in form, and correspondingly its wavefunctions are expressed as 
IMj) (Mj = 4 , 3 , 2 , .  . . , -3, -4). 

3. T h e  energy levels and  wavefunctions of the P?+ ion in the crystal field 

The crystal-field Hamiltonian of one electron of the P?+ ion in PrF3 is 

where the crystal-field parameter Bt.,  is 

where the researched PI” ion is at the zero coordinate, the coordinates of the electron and 
the j t h  neighbouring P?t ion are (r ,  6, $1 and (rj. 6,. @,), respectively, q, is the electric 
charge of the j t h  neighbouring ion, and Yk,,“(@, @) is the spherical harmonic function. In 
real crystals, because of parity and symmetry restrictions, only some terms of the spherical 
harmonic functions are non-zero. The crystal field in  PrF3 has approximately the symmetry 
of CI and so, for 4f and 5d electrons, Hc can be expressed as 

(5) 

(6) 

&,4f = BO.OyO.O + BZ.OYZ.O -k B4,0y4,0 + B6.0y6.0 f 86.6y6.6 + 86,-6y6.-6 
fic,~d = B0.0y0.0 + & . o ~ z . o +  B4.Oy4.0. 
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Both electrons in the 4f level of the Pr3+ ion must be taken into account, f i C  = f i C l  + f ic2,  
where the subscripts 1 and 2 refer to different electrons. Taking f iC as the perturbation, 
the splittings of the 4f and 5d levels and their eigenfunctions can be calculated from the 
following secular equation: 

II(*iIficI*j) - E(O)GijII = 0 (7) 

where I+{), I+ j )  are the eigenfunctions of 60 + fir-,, and E(O) = Eto) is the shift of the 
ground level caused by the crystal field. E") = E:) is the shift of the excited level 
resulting from the crystal field, and thus the energy of the excited state in the crystal field 
is ELo) = E;) + 63580cm-' [ 121. 

Before we solve (7). Bk,," in f iC must be calculated. Aa,m may be calculated using the 
point-charge model, and the values of ( r k )  can be found in 191. After the contributions of 
39 neighbouring F- ions and the other 12 Pr'+ ions are taken into account, the calculated 
crystal-field parameters are shown in table 1. The energy levels and the wavefunctions of 
the 4f and 5d states of the PSt ion in PrF3 are shown i n  tables 2 and 3. Since (6) does not 
contain a spherical harmonic function Yk.m with m # 0, there is no mixing of states with 
different values of Mj in table 3. 

Table 1. The crystal-field panmeters of P?+ in RF, (units: cm-'). 

B2.0 64.0 66.0 86.16 

4f 1262.1 878.8 196.5 -194.0 
5d 8025 25040 - - 

Table 2. The energy levels and lhe wavefunctions of the ground state 'H4 of the P?+ ion in 
PrF3 (units: cm-I). 

n E,? $a 

I -288.9 -0.998714) - 0.05151 - 2) 
2 -288.9 -0,051512) + 0,99871 - 4) 
3 -17.7 -0.7071i3j-0.7071i-3j 
4 40.0 -0.707113) +0.70711 - 3) 
5 61.0 10) 
6 106.3 -0.948611) +0.31641 - I )  
7 106.3 -0.316411) t 0.94861 - I )  
8 134.2 -0.998712) t 0.05151 - 4) 
9 134.2 -0.051514) t 0.99871 - 2) 

4. The effect of the effective field on the ground level 

The magnetic susceptibility x in PrF3 conforms to the Curie-Weiss law [4] in the 
temperature range T > 110 K 

C 
,y=- 

T - en 
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Table 3. The energy levels and the wavefunctions of the excited stale 3H4 of the Pr3+ ion in 
PrF3 (units em-'). (We take the energy of the ground s a t e  'Hp of the Pr'+ ion without the 
crystal field to be zero.) 

h E:;?' Qb 

I -827.1 14) 
2 -1400.0 13) 
3 -187.6 12) 
4 1362.8 11) 
5 1964.3 IO) 
6 1362.8 I - I )  
7 -187.6 1-2) 
8 -1400.0 1 -3 )  
9 -827.1 1-4) 

This signifies that there is a superexchange interaction between the spins of the Pr3+ ions. 
The superexchange interaction can be equivalent to an effective field [ 1 I ]  

Hu = v M  = V X H ,  (9) 

where M is the magnetization, and the coefficient w = e&. Equation (8) can be written in 
another form: 

Here. the effective field 

Hi = He + H, .  

H J M  is the reciprocal of the susceptibility xp. which obeys the Curie law in form. 
According to the quantum theory of paramagnetism, we have 

The fraction on the right-hand side of the equation is the probability of finding an 
electron in the ground state a.  

From tables 2 and 3 we see that most of the 4f and all the 5d levels are doublet. Under 
the effect of the effective field Hi, these degenerate levels will be split again. Because 
the splitting is much smaller than that caused by the crystal field, a wavefunction which 
corresponds with a crystal-field level may be used as a base function to calculate the splitting 
of the level caused by Hi. 

As the superexchange interaction is related to the spin s, in  neglecting the anisotropy 
of the superexchange interaction the perturbation Hamiltonian is 

f i i  = P B f f e d z  t 2&) + l . l ~ H v 2 ~ $  = P B f f e [ ( i z  f 2 $ )  t 2 V X & ] .  (12) 

According to degenerate perturbation theory, the splitting of the 4f levels of the Pr'+ 
ion caused by Hi can be found from the secular equation 

II($aIfiiI$a,) - E~')LII = 0 (13) 
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where and I$a, )  are the degenerate wavefunctions of the same crystal-field level in 
table 2. In the first approximation, the shift of the ground level of the P?+ ion resulting 
from Hi is given by 

G I )  = PLgHe[(W& + 2iZ1$!J + 2 ~ x ( ~ ~ l ~ z l $ . , ) l  (14) 

where I $ u )  is the wavefunction of each 4f level in table 2. The energy shift of each 4f level 
under the effect of H, is shown in table 4. 

At room temperature, kT Y 200cm-’. Obviously, there are certain electron distribution 
probabilities for every level in table 4. When we calculate OF and V, all these levels must be 
taken into consideration. The energy between the excited-state levels caused by the crystal 
field is much larger than the splitting of the excited state caused by Hi, and the splitting of 
the excited state resulting from the superexchange interaction has no contribution to the MO 
effect [IO], so the influence of Hi on the levels and the wavefunctions of the excited state 
can be neglected. 

Table 4. The energy shins of lhe ground state 3H4 under the effect of Hi 

n E,$’)(cm-’) 

1 p ~ H ~ ( 3 . 1 8 7 3 -  1 . 5 9 3 6 ~ ~ )  
2 peHe(-3.I873+ 1 . 5 9 3 6 ~ ~ )  
3 0  
4 0  
5 0  
6 p ~ H ~ ( 0 . 6 3 9 8  - 0 . 3 1 9 9 ~ ~ )  
7 peHC(-0.6398 +0.3199vx) 
8 p ~ H ~ ( l . 5 8 7 3 -  0 . 7 9 3 6 ~ ~ )  
9 p~H.(-1.5873 +0.7936ux) 

5. The specific Faraday rotation tJF and the Verdet constant V 

The MO effect in PrF3 is caused by 4f-5d electric-dipole transitions in the Pr3+ ion. 
Neglecting the linewidth rubr 4 is given by 

where 

oz P = 4 z N e Z / m .  

N = 1.912 x 10**~m-~  is the number of ions per unit volume, n = 1.59 is the average 
index of refraction, o is the frequency of the incident light, and boob is the energy-level 
separation between the excited state b and the ground state a. The matrix elements of the 
4f-5d electric-dipole transitions excited by left- and right-handed circularly polarized light 
are 

P,‘h = ($ale(x f iy)l@b’h) = ~ ( ~ ~ / 3 ) ” ’ e ( $ ~ l r l @ ~ ) ( @ ~ I Y ~ , * i l $ ~ )  (16) 
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where 

(rCl.lrlrCld = ( r )  = 2.33% 

(ao is the Bohr radius), and (~)~lY,,*,l$~) is calculated according to the Wigner-Eckart 
law. From all 162 matrix elements of the transitions, it can be seen that the probabilities of 
the electric-dipole transitions excited by left- and right-handed circularly polarized light are 
equal. From (15). the main reason for the Faraday rotation in PrF3 is that the occupation 
probabilities of an electron in the two split levels of the ground state caused by Hi are not 
the same. The probability p.  of an electron lying in the split level a as shown in table 4 is 
given as 

Substituting the calculated values of (16) and (17) into (IS), and using V =&/He, we get 
the values of OF and V at different temperatures; hwvb is known from tables 2, 3 and 4. 
Figures I and 2 show the theoretical and experimental curves of x-l against T and V-' 
against T, respectively 141. 

Figure 1. Lnverse of the magnetic suscepiibilily qaina temperature in PrF3. 

6. Discussion 

The calculations show the following characteristics. 

(i) In the temperature region -110-300 K, the reciprocals of the magnetic susceptibility 
x-l and the Verdet constant V-' in PrF, are nearly linearly dependent upon T. When 
T c lIOK, they are non-linear. This is in good agreement with the experimental results 
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Figure 2. Inverse of the Verdet constant against tempemtux in PrF3 at a wavelength of 
0.6328fim. 

of [4]. This non-linear dependence comes from the non-linear dependence on temperature 
of pa, which is the probability of finding an electron in the split ground state. 

(ii) It can be shown by analysing (16) that the stronger the (super)exchange interaction in 
paramagnetic materials the larger the probability po of an electron staying in the lower split 
level of the ground state, and 6’p and V increase with H, [5 ] .  When the temperature increases, 
the p. of an electron staying in the upper split level of the ground state also increases. and 
the of an electron staying in the lower split level becomes correspondingly smaller. This 
makes 0, and V decrease. 

(iii) The Jxycuras experiments showed that when He = 20kOe and T < 16K, ,y is 
independent of T .  In the same temperature region, V is also independent of 7. Based 
on (15) and (17), if E:’)/kT + 1. V will be independent of T .  This temperature region 
can be estimated as follows. The split energy of the I f  ground state of the Pr3+ ion under 
an applied field He = 20kOe is equal to The temperature that makes kT - 2/l& 
is 3K. Furthermore, taking the effective superexchange field Hv and the electron-orbit 
magnetic moment into account, the temperature region which makes Ei‘ ) /kT  + 1 is 
consistent with that obtained from experiment, T c 16K. 

The theoretical values of V conform quite well to the experimental results; it is again 
proved that the threelevel transition model (i.e. the double-transition model with ground- 
state splitting) is correct. That is, the split levels of the ground state caused by both the 
effective (super)exchange field and the applied field ought to have contributions to the MO 
effect. This also is the internal cause of why the MO effect in some paramagnetic materials 
has a complicated temperature dependence. 

(iv) For PrFs, raising the density of the Pr3+ ions can not only increase the value of a$ 
but can also enhance the superexchange interaction between Pr3+ ions. Thus, raising the 
density of Pr3+ ions suitably is a valid way of strengthening the MO effect. 
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